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Links: undirected (symmetrical) 

Graph:
      

Directed links :
URLs on the www
phone calls 
metabolic reactions
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UNDIRECTED VS. DIRECTED NETWORKS

Undirected Directed
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Links:  directed (arcs). 

Digraph = directed graph:

Undirected links :
coauthorship links
Actor network
protein interactions

An undirected 
link is the 
superposition of 
two opposite 
directed links.
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Section 2.2     Reference Networks



Degree, Average Degree and Degree 
Distribution

Section 2.3     
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A BIT OF STATISTICS



N – the number of nodes in the graph
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AVERAGE DEGREE
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Degree distribution 
P(k): probability that a
 randomly chosen node 
has degree k

Nk = # nodes with degree k

P(k) = Nk / N        plot

DEGREE DISTRIBUTION



DEGREE DISTRIBUTION



Discrete Representation: pk is the probability that a node has degree k. 

Continuum Description:   p(k) is the pdf of the degrees, where
 
 

represents the probability that a node’s degree is between k1 and k2. 

Normalization condition:

where Kmin is the minimal degree in the network.
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DEGREE DISTRIBUTION 



Adjacency matrix

Section 2.4     



Aij=1 if there is a link between node i and j

Aij=0 if nodes i and j are not connected to each other.
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ADJACENCY MATRIX

Note that for a directed graph (right) the matrix is not symmetric.
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if there is a link pointing from node j and i 

if there is no link pointing from j to i.



ADJACENCY MATRIX AND NODE DEGREES
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a    b    c    d    e    f    g    h

a    0    1    0    0    1    0    1    0

b    1    0    1    0    0    0    0    1

c    0    1    0    1    0    1    1    0

d    0    0    1    0    1    0    0    0

e    1    0    0    1    0    0    0    0

f    0    0    1    0    0    0    1    0

g    1    0    1    0    0    0    0    0

h    0    1    0    0    0    0    0    0

ADJACENCY MATRIX
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Real networks are sparse

Section 4     



The maximum number of links a network 
of N nodes can have is:

A graph with degree L=Lmax is called a complete graph, 
and its average degree is <k>=N-1
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COMPLETE GRAPH



Most networks observed in real systems are sparse: 

L <<  Lmax 
or 

<k> <<N-1.  

 WWW (ND Sample): N=325,729; L=1.4 106  Lmax=1012  <k>=4.51
 Protein (S. Cerevisiae): N=    1,870; L=4,470  Lmax=107  <k>=2.39 
 Coauthorship (Math): N=  70,975; L=2 105  Lmax=3 1010 <k>=3.9 
 Movie Actors:   N=212,250; L=6 106  Lmax=1.8 1013 <k>=28.78
 
             (Source: Albert, Barabasi, RMP2002)
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REAL NETWORKS ARE SPARSE



ADJACENCY MATRICES ARE SPARSE
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WEIGHTED AND UNWEIGHTED 
NETWORKS

Section 2.6     



WEIGHTED AND UNWEIGHTED NETWORKS

𝑨𝑨𝒊𝒊𝒊𝒊 = 𝒘𝒘𝒊𝒊𝒊𝒊  



GRAPHOLOGY 1

Unweighted
(undirected) 

Weighted
(undirected) 
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protein-protein interactions, www Call Graph, metabolic networks
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GRAPHOLOGY 3

Complete Graph
(undirected) 
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Actor network, protein-protein interactions
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The maximum number of links a network 
of N nodes can have is:
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METCALFE’S LAW
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