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Frontiers of Network Science
Fall 2024

Class 3: Graph Theory

(Chapter 2 in Textbook) ’
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UNDIRECTED VS. DIRECTED NETWORKS

Undirected Directed
Links: undirected (symmetrical) Links: directed (arcs).
Graph: Digraph = directed graph:

An undirected
link is the
superposition of
two opposite
directed links.

Undirected links : Directed links :
coauthorship links URLs on the www
Actor network phone calls

protein interactions metabolic reactions



NETWORK

Internet

www

Power Grid

Mobile Phone Calls
Email

Science Collaboration
Actor Network
Citation Network

E. Coli Metabolism

Protein Interactions

NODES

Routers

Webpages

Power plants, transformers
Subscribers

Email addresses

Scientists

Actors

Paper

Metabolites

Proteins

LINKS

Internet connections
Links

Cables

Calls

Emails
Co-authorship
Co-acting

Citations

Chemical reactions

Binding interactions

DIRECTED

UNDIRECTED

Undirected
Directed
Undirected
Directed
Directed
Undirected
Undirected
Directed
Directed

Undirected

192,244
325,729
4,941
36,595
57,194
23,133
702,388
449,673
1,039
2,018

609,066
1497134
6,594
91,826
103,731
93,439
29,397,908
4,689,479
5.802

2,930



Degree, Average Degree and Degree
Distribution



A BIT OF STATISTICS

BRIEF STATISTICS REVIEW Standard deviation:

Four key quantities characterize P

a sample of Nvalues x, ..., X, : o = |—Y(x - (x))
1 N X N ;( i < >)

Average (mean):
Distribution of x:

1
px = N 2 5x X
th .
The n™» moment: where p_follows

(x7) = X x5+ Xy

1y
N =ﬁ§% przl(jpxdle)

i




AVERAGE DEGREE

O

—O0——

(k)= A3k (k)= %L

} N — the number of nodes in the graph

Undirected

Directed




DEGREE DISTRIBUTION

Degree distribution
P(k): probability that a
randomly chosen node

has degree k

Nk = # nodes with degree k

P(k)=Nk/N © plot
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DEGREE DISTRIBUTION
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DEGREE DISTRIBUTION

Discrete Representation: p, is the probability that a node has degree k.

Continuum Description: p(k) is the pdf of the degrees, where

T p(k)dk

&

represents the probability that a node’s degree is between k, and k.

Normalization condition:

il’k =1 Tp(k)dk =1

K .

mm

where K, is the minimal degree in the network.



Adjacency matrix



ADJACENCY MATRIX

Aij=1 if there is a link between node j and j

Aij=0 if nodes / and j are not connected to each other.

0O 1 0 1 0O 0 0 O
1 0 0 1 - 1 0 0 1
Aij = 00 0 1 Aij = 0 0 0 1
1 1 1 0 1 0 0 O

Note that for a directed graph (right) the matrix is not symmetric.

Aij = 1 if there is a link pointing from node j and i

Aij = 0 if there is no link pointing from j to i.




ADJACENCY MATRIX AND NODE DEGREES
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Real networks are sparse



COMPLETE GRAPH

The maximum number of links a network

of N nodes can have is: | _(NJ_N(ND
e 2 2 3 P

A graph with degree L=L__, is called a complete graph,
and its average degree is <k>=N-1



REAL NETWORKS ARE SPARSE

Most networks observed in real systems are sparse:

WWW (ND Sample):
Protein (S. Cerevisiae):
Coauthorship (Math):
Movie Actors:

L << Lmax
or
<k> <<N-1.
N=325,729;  L=1.4 108
N= 1,870; L=4,470
N= 70,975; L=210°
N=212,250; L=6 10

Lo =102 <k>=4.51
Lax=107 <k>=2.39
Lax=3 1070 <k>=3.9
Lax=1.8 1013 <k>=28.78

max

(Source: Albert, Barabasi, RMP2002)



ADJACENCY MATRICES ARE SPARSE




WEIGHTED AND UNWEIGHTED
NETWORKS



WEIGHTED AND UNWEIGHTED NETWORKS

Aij = wi;



Unweighted Weighted
(undirected) (undirected)
(0 1 1 0) (0 2 05 0)
1 0 1 1 2 ) 1 4
A, = A, =
J 1 1 0 0 J 0.5 1 0 0
0o 1 0 0 .0 4 0 0
A,=0 A, =4, A,=0 A, =4,
N N
ZIZAQ. <k>= % L:;L;lnonzero(/lﬁ) <k>:%

protein-protein interactions, www Call Graph, metabolic networks



Complete Graph

(undirected)

[ ] "]
") "]
(0 1 1 1) ° °
1 0 1 1 . .
A =
Y 11 1 0 1 ) .
1l 1 1 0 "
Aii:() A#jzl
L:Lm:N(L_D <k>=N-1

Actor network, protein-protein interactions



METCALFE’S LAW
$

" Cost=N

Critical Mass Crossover

Dollars

Value=N’

N y .
Devices
The maximum number of links a network . p
. N _ ° °
of N nodes can haveis: L, :[J:w ; [
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